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ABSTRACT Crawling motion is ubiquitous in eukaryotic cells and contributes to important processes such as immune
response and tumor growth. To crawl, a cell must adhere to the substrate, while protruding at the front and retracting at the
rear. In most crawling cells protrusion is driven by highly regulated polymerization of the actin cytoskeleton, and much of the
biochemical network for this process is known. Nematode sperm utilize a cytoskeleton composed of Major Sperm Protein
(MSP), which is considered to form a simpler, yet similar, crawling motility apparatus. Key components involved in the polymer-
ization of MSP have been identiﬁed; however, little is known about the chemical kinetics for this system. Here we develop amodel
for MSP polymerization that takes into account the effects of several of the experimentally identiﬁed cytosolic and membrane-
bound proteins. To account for some of the data, the model requires force-dependent polymerization, as is predicted by Brownian
ratchet mechanisms. Using the tethered polymerization ratchet model with our biochemical kinetic model for MSP polymeriza-
tion, we ﬁnd good agreement with experimental data on MSP-driven protrusion. In addition, our model predicts the force-velocity
relation that is expected for in vitro protrusion assays.INTRODUCTION
Many eukaryotic cells migrate by a process known as crawl-
ing. Cells of the slime mold Dictyostelium discoideum crawl
to aggregate and migrate as a collective unit during colony
starvation (1). Keratocytes and fibroblasts crawl during
wound healing (2), and human neutrophils crawl to track
down pathogens in the body (3). A single crawling cycle
consists of three often-interconnected processes: extension
of the leading edge, advancement of the cell body, and
retraction of the rear (4–6). The first of these processes, the
extension of the leading edge, is the most carefully studied
(7) and found to be dependent on the polymerization of the
actin cytoskeleton (5).
Polymerization of actin at the leading edge of crawling
cells is a complex and highly regulated biochemical process.
The fundamental biochemistry of this process is encapsu-
lated in the dendritic nucleation model (8,9). This model
describes how binding of ligand to cell surface receptors
produces signals, such as the activation of Rho family
GTPases, that lead to the activation of WASP family proteins
(10). These proteins stimulate the Arp2/3 complex to
nucleate actin polymerization (10–13), which pushes out
the leading edge of the cell. Growth of an actin filament
can be terminated by capping of the growing barbed end
(14–16). As the actin filaments grow, they can also depoly-
merize due to ATP hydrolysis and severing, which replen-
ishes the pool of G-actin in the cell (9). Mathematical models
that simulate aspects of the chemical and physical processes
involved in cell motility have been developed and have
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0006-3495/09/08/0748/10 $2.00provided new insights into the complex processes that drive
protrusion (a recent review of the field is given in (17)).
Unlike mammalian sperm, which swim to reach the egg,
nematode sperm cells crawl using a physical mechanism
similar to that of other crawling cells (18); however, the
polymerizing protein that composes the cytoskeleton is
Major Sperm Protein (MSP), rather than actin. Two major
differences exist between actin and MSP: MSP forms apolar
filaments and does not bind ATP (19). In addition, no molec-
ular motors have been identified that bind to MSP. There-
fore, it has been suggested that MSP-based crawling is
powered solely by the biochemical and biophysical
dynamics of the MSP network, making it a simpler motility
apparatus than its actin-based counterparts. This simplicity
makes it a good model system for studying leading edge
protrusion and crawling motility in general: whereas actin
is involved in numerous processes in the cell and thus regu-
lated in a complicated manner by a host of proteins, the
sperm cell is specialized for movement, and its chemical
regulation is arguably much simpler.
Biochemical experiments have identified a number of key
proteins involved in the regulation of MSP polymerization in
nematode sperm (20–22). Many of these experiments are
carried out using an in vitro system consisting of inside-
out membrane vesicles and the cytosol extract (23). When
ATP is added to this mixture, MSP polymerizes at the
surface of the vesicles forming helical subfilaments, which
pair up into (also helical) filaments, and further interlink
into meshworks called fibers. The resulting structure is
similar to actin comet tails formed during in vitro polymeri-
zation assays on the surface of the bacterium Listeria mono-
cytogenes and coated lipid vesicles (24). The rate of fiber
elongation is measured and found to be correlated with the
doi: 10.1016/j.bpj.2009.05.038
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bound, proteins (20–22). These proteins have been assigned
putative roles (20,22,25) based on their influence on the
elongation rate (e.g., capping protein, polymerization orga-
nizing protein, etc.). It is known that this list of regulating
proteins is incomplete, since attempts to recreate fiber
growth in a mix of artificially synthesized proteins have
proven unsuccessful. Nevertheless, as quantitative data is
available, it is important to elucidate the mechanisms of
regulation that the hitherto discovered proteins employ.
Indeed, as nematode sperm motility has been used as a model
system for constructing mathematical models to describe the
biophysics of crawling (26–30), a quantitative model
describing the biochemical kinetics in this system will
provide a means for connecting the biophysical crawling
mechanisms to the internal chemical regulation.
In this article, we develop a mathematical model for the
biochemical kinetics of MSP protrusion, based on the bio-
logical model developed through experimentation. We
make the assumption that the rate of MSP fiber elongation
is equal to the filament polymerization rate. The roles
assigned to different regulating proteins are found to be
consistent with available data. We also find that it is not satis-
factory to treat the polymerization as if it were happening in
free space: The proximity of the membrane (or the vesicle)
needs to be accounted for by using a model that incorporates
feedback between the number of actively polymerizing fila-
ments and the polymerization rate. Therefore, we chose to
use the tethered-ratchet model developed by Mogilner and
Oster (31) to accurately capture the elongation rate’s depen-
dence on a putative capping protein. Our model is able to fit
existing experimental data, thereby providing estimates for
the kinetic parameters for this system. In addition, the model
provides predictions for the force-velocity relation for MSP-
driven protrusion.
Experimental background
Using a number of biochemical techniques, such as fraction-
ation and reconstitution, some of the proteins required for
fiber formation and elongation have been discovered (20–
22). Dilution experiments were performed using the in vitro
system introduced in Italiano et al. (23) to measure the depen-
dence of fiber elongation rate on the concentrations of these
proteins. These experiments yielded several key observations:
1. The MSP concentration in the system does not influence
the elongation rate (23). This result is of course specific to
the experimental conditions and is not expected to remain
true down to very small MSP concentrations.
2. Only one membrane-bound protein is required for fiber
growth. This protein, termed MSP Polymerization Orga-
nizing Protein, or MPOP, is active in its phosphorylated
form and designates the sites of MSP polymerization
and fiber formation on the surface of the vesicle (or the
leading edge of the sperm cell) (20).3. Two cytosolic proteins, called MSP fiber proteins (MFP1
and MFP2), affect the rate of fiber elongation (21). MFP2
is required for fiber formation and has been demonstrated
to increase the rate of fiber elongation; MFP1, on the
other hand, suppresses this rate. Both proteins are incor-
porated into MSP fibers, with the degree of MFP2 phos-
phorylation decreasing steadily along the fiber as one
moves away from the vesicle.
4. A cytosolic kinase, termed MSP polymerization-acti-
vating kinase (MPAK), is also required for fiber growth
(22). MPAK is recruited to the membrane by MPOP,
where it phosphorylates MFP2.
A more detailed view of the influence of MFP1 and MFP2
on the fiber elongation rate is presented in Fig. 1, which
contains data from Fig. 4 of Buttery et al. (21) (see our
Fig. 1, A and B) and Fig. 2 d of Italiano et al. (23) (see our
Fig. 1 C). Our figure depicts the mean rates of fiber
A
B
C
FIGURE 1 (A and B) Redrawn from Figs. 4, A and B, respectively, in
Buttery et al. (21). (C) Redrawn from Fig. 2 d in Italiano et al. (23). X axis:
Fractional concentration of S100 (e.g., the value of 0.5 corresponds to the
1:1 dilution of S100 with KPM buffer). (Solid bars) Fiber elongation rates
for varying dilutions of S100. (Shaded bars) Corresponding elongation rates
with MFP1 (A) or MFP2 (B) added at the same concentration at all dilutions.
This concentration is equal to F1 for MFP1 and 0:88 F2 for MFP2, where F1
and F2 are the respective concentrations of MFP1 and MFP2 in S100.
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(S100) was diluted with KPM buffer (0.5 mM MgCl2,
10 mM potassium phosphate, pH 6.8); the solid bars are
the elongation rates in the diluted cell extract, whereas the
shaded bars are the rates for the same dilution ratio, but
with MFP1 (Fig. 1 A) or MFP2 (Fig. 1 B) added at their
natural concentration in the cytosol. It is clear that MFP1
has a suppressing, and MFP2 an enhancing, effect on the
growth rate; in the case of MFP2, the more diluted the
FIGURE 2 Schematic representation of the biochemical model of MSP
polymerization in artificial assays. Shaded area represents the solution,
whereas the open area is the membrane vesicle. (A) Step 1: Phosphorylation
of MPOP by an unknown mechanism. Step 2: Recruitment of MPAK (red)
by the phosphorylated MPOP (green). Step 3: Phosphorylation of MFP2
(orange) by MPOP-bound MPAK. Step 4: Binding of MFP2 and MSP
dimers (purple) and elongation of an existing filament. Step 5: Capping of
a polymerizing filament by MFP1 (black). (B) Alternative binding scenario.
(Following Steps 1 and 2 from panel A). Step 3: Binding of MFP2 to MSP
dimers. Step 4: Phosphorylation of MFP2 by MPAK. (C) Alternative
binding scenario. (Following step 1 from panel A). Step 2: Binding of
MFP2 and MPAK in solution. Step 3: Recruitment of the MFP2-MPAK
complex to the membrane and phosphorylation of MFP2 by MPOP-bound
MPAK.
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rates for a different range of KPM:S100 dilution ratios.
Structural studies of MSP and MFP2 proteins were also
conducted (19,25,32). MSP forms dimers, which polymerize
into helices: this structure is called a subfilament. The angle
between successive MSP dimers in a subfilament was found
to be ~100. On the other hand, MFP2 consists of two
domains connected by a linker; the domains are rotated
with respect to each other by an angle of ~110 (25). The
dimensions of an MSP monomer and a single MFP2 domain
are comparable: 15 A˚  20 A˚  45 A˚ for MSP (19), vs.
24 A˚  36 A˚  42 A˚ for MFP2 (25).
The model
From the experimental findings described in the previous
section, the following biochemical model is suggested:
Following its phosphorylation by an unknown mechanism,
MPOP (a membrane protein) recruits MPAK to the
membrane. There, MPAK phosphorylates MFP2, thus acti-
vating it. Since MFP2 gets incorporated into fibers and is
required for fiber formation, we assume that MSP dimers
bind to activated MFP2 for polymerization. Indeed, it has
even been suggested that MFP2 might act as a staple
between two MSP dimers, since the angle between two
consecutive MSP dimers in a subfilament is roughly equal
to the angle between the two domains in an MFP2 molecule
(25); however, we will not assume any specific molecular
level structure for the binding of MFP2 and MSP dimers.
We can also assume that MFP2 gets dephosphorylated after
already being incorporated into a fiber when it no longer
needs to be active, which accounts for its decreased phos-
phorylation along the fiber. The growth of the subfilament
is finally terminated by MFP1, which acts as a capping
protein, and also remains incorporated in the fiber.
In this article, we are interested in modeling the previously-
mentioned in vitro protrusion assays. These experiments are
carried out in a roughly 20 mL volume of fractionated super-
natant, which is many orders-of-magnitude larger than the
volume of a polymerizing fiber complex, which are typically
microns in diameter and tens of microns long (21,23). There-
fore, we assume that the amount of MSP incorporated into
fibers does not significantly change the bulk concentration
of free, unpolymerized MSP. This assumption is also applied
to the other cytosolic proteins in the model, such as MFP1,
MFP2, and MPAK; thus, we consider the concentration of
all the cytosolic proteins in the supernatant fraction to be
constant during fiber formation. Another assumption is that
we consider the fiber elongation rate to be equal to the poly-
merization rate, decreased by any depolymerization that
might be taking place at the membrane.
The mechanisms listed in the biochemical model do not
fully constrain the mathematical model we are about to build.
For example, MPAK could first be recruited to the
membrane, then recruit MFP2 and phosphorylate it; the
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form a new polymerization link on an existing filament
(see Fig. 2 A). Alternatively, MFP2 and two MSP dimers
could first form a preformed link for the polymerizing chain,
which would then be recruited to the membrane by MPAK
and primed for polymerization by the phosphorylation of
MFP2 (Fig. 2 B). Finally, MPAK and MFP2 could bind in
the cytosol, then be recruited to the membrane by phosphor-
ylated MPOP, where MFP2 would be phosphorylated
making it capable of binding MSP dimers (Fig. 2 C). We
will attempt to distinguish between these alternatives using
the elongation data available.
Let us begin by examining the reaction scheme depicted in
Fig. 2 A. In the reactions to follow, phosphorylated chemical
species are marked with an asterisk, and complexes are
denoted with a dot between the constituents. We will assume
that the binding of MPAK to phosphorylated MPOP is
a reversible, second-order reaction with on-rate k1 and off-
rate k1:
MPOP þ MPAK#k1
k1
MPOP$MPAK: (1)
We model the binding of MFP2 and its subsequent phos-
phorylation as an enzymatic process obeying Michaelis-
Menten kinetics with equilibrium constant Km ¼ k2/k2,
where k2 and k2 are forward and reverse reaction rates for
the intermediate complex formation. Activated (phosphory-
lated) MFP2 is then released from the membrane with rate k3,
MFP2þMPOP$MPAKþ P#k2
k2
MFP2$MPOP$MPAK
/
k3
MFP2 þMPOP$MPAK
;
(2)
where P is the phosphate group. Finally, MFP2* binds to two
MSP molecules and the end of an existing MSP filament,
which adds a new link to that polymer chain at a rate k4:
MFP2 þ 2MSP þ Filament/k4 Link þ Filament: (3)
We now describe the preceding system of chemical reactions
in mathematical terms. For ease of reference, we include
a list of all the symbols used to denote chemical concentra-
tions in Table 1. The reaction in Eq. 1 leads to the following
equilibrium value of MPAK-bound phosphorylated MPOP,
AO ¼ Ot A
A þ K1; (4)
where K1 ¼ k1/k1 and Ot ¼ O þ AO. We also assume that
the creation rate of the phosphorylated MFP2 is balanced by
the rate of its depletion due to the polymerization reaction:
k3
AO F2
F2 þ Km ¼
dL
dt
¼ C1 Ot VP: (5)The second equality comes from the fact that Vp is the poly-
merization rate averaged over the section of the vesicle
surface populated by the phosphorylated MPOP, with C1
as the proportionality constant. Equations 4 and 5 lead to
the following dependence of the elongation rate V on the
concentrations of MFP2 and MPAK,
V ¼ C A
A þ K1
F2
F2 þ Km  Vdep; (6)
where C ¼ k3/C1, and Vdep is the average depolymerization
velocity at the vesicle.
Similarly, for the binding scenarios described in Fig. 2, B
and C, we obtain
V ¼ C A
A þ K1
F2 S
2
F2 S2 þ Km  Vdep (7)
for the preformed MFP2 -2 MSP binding (Fig. 2 B), and
V ¼ C A F2
A F2 þ Km  Vdep (8)
for the preformed MPAK-MFP2 binding (Fig. 2 C).
Constants C, K1, and Km have interpretations similar to those
in Eq. 6.
Notable in Eqs. 6–8 is the absence of dependence on the
capping protein, MFP1. This is because we assume that the
average polymerization rate does not depend on the number
of actively-polymerizing filaments. Since the total number of
growing filaments must produce enough force to push the
vesicle at the observed velocity, the average force that
each filament feels depends on the total number of growing
filaments. Capping of filaments by MFP1 can lead to
a reduced number of growing filaments and, therefore, would
increase the force experienced by each filament, which is
expected to decrease the average polymerization rate. Con-
sistent with this idea, MFP1 concentration has a considerable
influence on the fiber elongation rate (Fig. 1 A), which is
not accounted for in the chemical reaction model developed
above.
TABLE 1 Names of species concentrations
Symbol Definition
O Surface concentration of phosphorylated MPOP available for
binding.
A Concentration of MPAK.
AO Surface concentration of phosphorylated MPOP bound to MPAK.
Ot Total surface concentration of phosphorylated MPOP equal to
O þ AO.
F1 Concentration of MFP1.
F2 Concentration of MFP2.
F2* Concentration of phosphorylated MFP2.
AOF2 Surface concentration of the complex consisting of phosphorylated
MFP2, phosphorylated MPOP, and MPAK.
S Concentration of MSP dimers.
L Concentration of links in the polymerization chains of MSP
filaments.
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driven protrusion more accurately using the tethered-poly-
merization ratchet model (31). This model has its origins in
the so-called Brownian-ratchet mechanism, which was first
introduced by Peskin et al. (33) to explain actin-polymeriza-
tion-driven cell motility, and in which a stiff actin filament
is pushing a thermally fluctuating membrane. This model
was later improved upon by Mogilner and Oster (31,34); in
these works, the spatial gap between the tip of the actin fila-
ment and the membrane, which is necessary for further poly-
merization, is created by the bending of the actin filament (i.e.,
the elastic Brownian ratchet). In addition, the experimental
observation that actin filaments remain attached to the
membrane for some time after being nucleated has also
been taken into account (31). These models are appropriate
for the nematode sperm system since the in vitro MSP fila-
ments have been found to have mechanical properties similar
to actin (35): They are semiflexible, with a persistence length
of ~9mm(compared to 7–10mm for actin) and an average fila-
ment length of 0.67mm.Because external forces applied to the
vesicle or the filament can inhibit the thermal fluctuations that
open the gaps enabling polymerization, these Brownian
ratchet-type models predict a reduction in the polymerization
velocity due to resistive forces.
In the tethered-ratchet model (31), the experimentally
observed molecular link between a recently nucleated actin
filament and the membrane is modeled as a spring, which
is connected in-series to the more elastic actin filament (the
effective strength of the molecular link is labeled fb, whereas
the spring coefficient of the actin filament is called k). The
attachment through the molecular link breaks with a free
dissociation rate of d0. After the breakage, the formerly
attached filament becomes a working filament, since it is
able to bend, creating enough space to polymerize, and
providing a propulsion force for the membrane. Eventually,
the filament is capped and loses contact with the membrane.
Because the gap between the end of a working filament and
the vesicle is not always large enough to allow for the inter-
calation of an MSP dimer, the velocity of polymerization is
lower compared to its value in free space Vmax (31),
V ¼ Vmaxefw=kBT  Vdep; (9)
where fw is the force exerted by a single working filament, kB
is the Boltzmann constant, and T is temperature. In our
system, we can assume that the viscous forces experienced
by the vesicle are negligible in comparison with the forces
generated by the cytoskeleton. Thus the pushing forces
created by the working filaments are balanced out by the pull-
ing forces of attachedfilaments, leading to the following force-
balance equation (per-filament pulling force denoted by fa),
fa a ¼ fw w; (10)
where a and w are, respectively, the number of attached and
the number of working filaments. We further assume that an
Biophysical Journal 97(3) 748–757equilibrium has been reached among the attached, working,
and capped filaments, so that
a=w ¼ k=d; (11)
where k is the capping rate and d is the rate of the molecular
link breakage under tension force f, dz d0 exp [f/fb] (31).
Following the derivation in Mogilner and Oster (31), we
compute the velocity of polymerization as
V ¼ Vmaxexp
 lfbnu2ðnÞðk=d0ÞkBT Vdep; (12)
where Vmax is the free polymerization velocity, i.e., the first
term in Eq. 6 and its equivalents, Eqs. 7 and 8. In addition,
l is the increase in length of the polymer due to the addition
of a single MSP dimer, and n is the dimensionless velocity
V/V0 with the velocity scale V0 h fbd0/k, whereas
uðnÞh
Z N
0
dx x exp

nx þ 1 e
nx
n

: (13)
Thus, we have recovered the dependence of the elongation
rate on the capping rate (in turn dependent on the concentra-
tion of MFP1).
Combining Eqs. 6 and 12, we find the following functional
form for the growth rate,
n ¼ a A
A þ K1
F2
F2 þ Kme
F1
b
nu2ðnÞ  ndep
nhV=V0
ndephVdep=V0;
(14)
with fitting parameters ah C/V0, bhðd0=kÞ ðkBT=ðlfbÞÞF1,
K1, Km, ndep, and V0, where k and F1 are the values of the
capping rate and MFP1 concentration in undiluted S100,
respectively. Similar expressions can be obtained by extract-
ing Vmax from Eqs. 7 or 8 instead of Eq. 6. When comparing
with the experimental results, the concentrations of cytosolic
proteins MFP1, MFP2, and MPAK will be corrected by
a dilution factor x (e.g., F1 ¼ xF1, where x ¼ 1/(n þ 1) for
a 1:n dilution of S100). We will now attempt to fit the avail-
able data to the above functional form.
RESULTS
Proceeding to test the model, we note first a discrepancy in
the KPM data between panels A and B of Fig. 1: The growth
rates at the same dilution ratios are roughly twice as high
in Fig. 1 B than in panel A due to the fact that the experi-
ments were done using different batches of sperm extract
(T. Roberts, Florida State University, personal communica-
tion, 2008). To increase the number of fitting points, we
decided to also use the data in panel C; these data points
cover a range of dilutions that is complementary to that in
panels A and B, with the growth rate values that seem consis-
tent with the numbers from panel A. Thus, we will fit the
combined data from panels A and C of Fig. 1; the data
Regulation of Nematode Sperm Protrusion 753from panel B will be fitted with a separate set of parameters.
To find the values of fit parameters, we minimize the func-
tion c2,
c2 ¼
Xi¼N
i¼ 1

Vexpi  V thi
2
=s2i ; (15)
where N is the number of experimental points, whereas Vi
exp,
Vi
th, and si are, respectively, the values of the measured
velocity, modeled velocity, and experimental error, all at
the ith experimental point. The minimization is performed
over six parameters (a, K1, Km, b, ndep, and V0) with associ-
ated experimental errors si extracted from the literature
(21,23). We use the global minimization routine NMinimize
under Mathematica 6.0 (Wolfram Research, Champaign,
IL), choosing the option NelderMead (simplex optimization)
for the method.
We first attempt to distinguish between the different
binding scenarios represented in Fig. 2, A–C, and Eqs. 6–8.
As each of these expressions has a distinct form of the
growth-rate dependence on MFP2 concentration, we will
use the data of Fig. 1 B to fit Eq. 14 and its equivalents.
From Fig. 1 B it is clear that the growth rate for both sets
of data (simple KPM dilution and MFP2 added at a constant
concentration) has a roughly linear dependence on the frac-
tional concentration of S100 (which we call x). Therefore,
it is not surprising that the MPAK-MFP2 binding scenario
(Eq. 8 and Fig. 2 C) does not yield a satisfactory fit (results
not shown): for small x, such as in the experiment, the
maximum elongation rate will be linear in x when F2 is
held constant, but will have a quadratic dependence on x
for the simple KPM dilution. However, when Vmax is
extracted from either of the other two scenarios (Eq. 6 or
Eq. 7; Fig. 2, A or B), we obtain very good agreement with
the experimental data (see Fig. 3), yielding a small value
for the Michaelis-Menten constant Km. This is to be expected
since a small Km attenuates the dependence on F2 which, as
in the experiment, only becomes significant at very low x.
Thus, with the limited available data we are unable to distin-
guish between the scenario in which MFP2 and two MSP
dimers form a link first and then make contact with MPAK
at the membrane and polymerize, and that in which MFP2
is recruited to the membrane first, is activated, and then binds
the MSP dimers in order to allow polymerization. In the
remainder of this work, we will use the latter scenario
(Eqs. 6 and 14; Fig. 2 A) to fit the experimental data.
We will now use the rest of the data to further constrain the
fitting parameters. As mentioned above, it is not possible to
fit all of the data in Fig. 1 with a single set of parameters.
However, we note that the KPM data in panels A and B of
that figure seem to differ from each other by a multiplicative
factor; thus we can try to fit the combined data with a single
parameter set, save for the overall velocity scale V0. We
obtain a very good fit to all the data from Fig. 1, with the
results shown in Fig. 4. Fig. 4 A shows the fits to thecombined data from Fig. 1, A and C, and Fig. 4 B the fits
to the data from Fig. 1 B with the value of the parameter
V0 roughly twice as large. The complete set of parameter
values that yielded the plots in Fig. 4 is given in Table 2,
with V0
MFP1 and V0
MFP2 being the values of the parameter
V0 used in Fig. 4, A and B, respectively.
In any study involving model fitting with multiple param-
eters, it is possible to have numerous local minima in c2 that
are all very close in magnitude to the global minimum. If
a parameter has a consistent value for all these minima,
then we define that parameter as being robust. To assess
the robustness of our fit parameters, we performed a minimi-
zation of the c2 function by finding local minima in the
vicinity of ~1000 starting points from our parameter space.
We found that multiple local minima have a c2 very close
to the value corresponding to the fitting parameters in
Table 2. Table 3 summarizes our conclusions about the
robustness of the fit parameters. Although the parameters
a and K1 are not independently robust, the combination
A
B
FIGURE 3 Fits to elongation rate data from Fig. 1 B. (A) Results for the
binding scenario depicted in Fig. 2 A. (B) Results for the binding scenario
depicted in Fig. 2 B. The data obtained by a simple dilution of the cell extract
with the KPM buffer is shown in black, whereas the data with the MFP2
concentration held constant is shown in red. In both panels, the fit functions
are represented by lines and the experimental data by symbols with error bars.Biophysical Journal 97(3) 748–757
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MFP1/K1 is. We also find that the equilibrium constant for
the binding of MPAK to phosphorylated MPOP (K1) is
always (and often considerably) greater than the concentra-
tion of MPAK in undiluted S100, indicating weak binding.
As already pointed out, the subtlety of the effect of MFP2
concentration on the growth rate suggests a small Michae-
lis-Menten constant for the phosphorylation of MFP2, and
indeed the robust fitted value for Km in Table 3 is small in
comparison to 400 mM, the concentration of MFP2 in undi-
A
B
FIGURE 4 (A) Fits to combined elongation rate data from panels A and C
of Fig. 1. (B) Fits to elongation rate data from panel B of Fig. 1. The fitting
parameters are the same for both panels, except for the parameter V0, the
overall velocity scale, which is roughly twice as large for the fits in panel
B (see Table 2). The data obtained by a simple dilution of the cell extract
with the KPM buffer is shown in black, whereas the data with MFP1 (A)
or MFP2 (B) concentrations held constant is shown in red. In both panels,
the fit functions are represented by lines and the experimental data by
symbols with error bars.
TABLE 2 Model parameters used to generate the ﬁts in Fig. 4
Variable a K1 Km b ndep V0
MFP1 V0
MFP2
Value 50 59 mM 4 mM 64 mM 0.34 3.4mm
min
7:08mm
min
To extract the values of these parameters, the following concentrations
of MPAK, MFP1, and MFP2 in S100 were used: 15 mM, 140 mM, and
400 mM, respectively. These concentrations were obtained from the litera-
ture (21,22).
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tion x we can approximate the first of the Eqs. 14 with
n ¼ a
K1
Axenu
2ðnÞF1
b
x  ndep: (16)
We notice that the polymerization velocity has two
competing multiplicative terms, one increasing in x, and
the other exponentially decreasing in x. If we were to solve
the expressions in Eq. 14 for a given set of parameters
(e.g., the set in Table 2) for the case of simple dilution
with KPM buffer, and with values of x extending beyond
1, we would get a curve with a maximum positioned close
to x ¼ 1 (Fig. 5). Thus, we may estimate the parameter
b from Eq. 16 by differentiating it with respect to x and
setting the derivative to zero at x ¼ 1. This yields the rela-
tionship
b ¼ F1nu2ðnÞ; (17)
where n is the reduced velocity in undiluted S100. This is
confirmed through our simulations: In the sets of parameters
with minimal c2, the values of b and V0
MFP1 are correlated
approximately through Eq. 17. Finally, from Eqs. 16 and
17 we have
a
K1
VMFP10 ¼
	
VMFP1 þ VMFP1dep

e
A
; (18)
where VMFP1 is the polymerization velocity in undiluted
S100 (~12 mm/min), and VMFP1dep ¼ V0MFP1ndep is the depoly-
merization velocity. Since VMFP1dep is robust (Table 3), it is
clear from Eq. 18 that the combination of parameters
aV0
MFP1/K1 is also robust.
DISCUSSION
We have constructed a mathematical model of the chemical
regulation of MSP polymerization, a mechanism involved in
the locomotion of nematode sperm (such as Ascaris suum
and Caenorhabditis elegans). Experiments have identified
some of the key proteins involved in this process; however,
the function of these proteins remains fairly speculative.
Therefore, we developed a model based on the putative func-
tions of these proteins, to determine whether these are consis-
tent with the experimental data available on the dependence
of MSP fiber elongation on supernatant dilution. The model
treats MFP2 and MPOP as factors that influence the
TABLE 3 Robustness of ﬁt parameters for the model in Eq. 14
Variable Robustness
a, K1 Expression aV0
MFP1/K1 robust at 2:9
mm
min mM, K1R 30 mM
Km Robust at 4 mM
V0
MFP1 Ranges between 2.5 and 5mm
min
b Ranges between 40 and 80 mM, depending on V0
MFP1
ndep z1:2
mm
min
=VMFP10
V0
MFP2 z 2V0
MFP1
Regulation of Nematode Sperm Protrusion 755polymerization of MSP filaments through an enzymatic
process, and treats MFP1 as a capping protein. We found
that to explain the dependence of the growth rate on MFP1
concentration, we had to take into account the effect of
applied force on the polymerization rate, which was modeled
using the tethered polymerization ratchet model. Combining
this biochemical reaction scheme and the tethered-ratchet
model produced good agreement with in vitro dilution exper-
iments. Although this model may not be the only mechanism
that agrees with the experimental data, we believe that the
approximations used in building the basic model are reason-
able and well justified. In terms of biochemistry, we were
able to show that the suggested activities of MFP1 as a puta-
tive capping protein and MFP2 as a polymerizing factor are
sufficient to explain the experimental observations. On
a more mechanistic level, we ruled out a possible binding-
sequence scenario involving phosphorylated MPOP,
MFP2, MPAK, and MSP dimers, and identified two alterna-
tives that are compatible with the available measurements of
the growth rate.
Some of our fit parameters have been measured or esti-
mated for the actin system (e.g., V0 is estimated at 0.3 mm/
min, and Vdep at 0.13 mm/min (31)). Comparing these values
with our results in Table 3, we find that the MSP values are
larger than those for actin, but still physically reasonable. In
particular, the velocity scale V0 equal to fbd0/k is roughly 10
times larger for the MSP system. This may be a consequence
of a smaller spring constant k for MSP filaments, indicating
that they are more stretchable than actin filaments, which are
constrained by branching. The parameter b=F1, which is
dependent on the capping rate and several mechanical prop-
erties of the filaments, ranges between 0.3 and 0.6 in our
fitting, compared to 0.2 for actin (31). We also have a robust
prediction (4 mM) for the Michaelis-Menten constant Km for
MFP2 phosphorylation. A direct biochemical measurement
of Km would be a good test of the validity of our model.
Conversely, as the equilibrium constant for MPOP-MPAK
FIGURE 5 KPM data fit function from Fig. 4 A shown for a wider range
of dilutions x (where x > 1 means a system that is concentrated rather than
diluted with respect to the natural S100).binding K1 does not have a robust value in our fits, its
measurement would help constrain our model parameters.
As pointed out earlier, the experimental measurements
from panels A and B of Fig. 1 done on two different batches
of the cell extract could not be fitted with the same set of
parameters. However, we showed that it is possible to only
vary one parameter (the overall velocity scale V0) between
the two data sets and fit all the available data. (Note that
different V0 values also result in different depolymerization
velocities.) Since the scale V0 and the depolymerization
velocity Vdep depend on the physical properties of MSP fila-
ments, we speculate that the twofold difference between the
values of these parameters for the two panels in Fig. 1 is due
to the looser filaments formed from the batch corresponding
to panel B.
We are also able to propose experimental measurements
that might be able to test our model. One distinct feature
of the model in Eq. 14 and its approximate form in Eq. 16
is the competition between Vmax, the maximum velocity in
free space, and the exponential factor reflecting the space
constraint. As the system becomes less diluted (x increases),
the exponential takes over, and the velocity starts dropping
from its maximum near x ¼ 1 (Fig. 5). This behavior
suggests an intriguing possibility that the system selected
the physiological dilution to optimize velocity. Thus, one
might test the model by measuring the velocities at x > 1
in search of this striking feature. However, due to experi-
mental limitations, these conditions (concentrated, rather
than diluted cell extract) might be difficult to achieve,
making this test of questionable use.
Another measurement should be more experimentally
tractable: If a known external force is applied on the vesicle,
the force-velocity relation may be extracted. At x ¼ 1 (undi-
luted cell extract), we can use the following expressions to
calculate this relation (31),
n ¼ a A
A þ K1
F2
F2 þ Kme
F1
b
nu2ðnÞgFL  ndep
nhV=V0
ndephVdep=V0
; (19)
where FL is the load force, and ghðl=kBTÞðk=nÞ with n
being the nucleation rate. Fig. 6 shows our predicted force-
velocity relationship. Since the nucleation rate n does not
feature in our fitting formula Eq. 14, we do not have a fitted
value for it. Instead, we use the value for the k=n ratio esti-
mated for actin in Mogilner and Oster (31), and equal to
0.05. Since the relevant value for MSP might be different,
we also show the result for twice (long dashes) and half
(short dashes) the value of that ratio. As our fitted parameters
are not entirely robust, we also show the results for several
optimal parameter sets (at the actin value for k=n), all within
the ranges shown in Table 3 (full lines). Clearly, the nonro-
bustness of the fitted parameters does not cause undue spread
in our prediction for the force-velocity relationship. TheBiophysical Journal 97(3) 748–757
756 Stajic and Wolgemuthuncertainty in the value of the ratio k/n does affect the results
more severely, but the qualitative behavior remains the same.
Finally, we should point out the shortcomings of our
model. In vivo, phosphorylation of MPOP in A. suum sperm
cells is observed to be localized to discrete patches along the
membrane (20). These regions of active MPOP are most
likely responsible for the polymer dense regions (sometimes
called ribs) that are observed in A. suum and C. elegans
sperm cells (18,20,30). Modeling of C. elegans sperm
motility suggests that these polymer dense regions may
lead to larger crawling velocities than would be produced
by a uniformly dense cytoskeleton (30). As little is known
about what regulates this phosphorylation of MPOP, our
model cannot describe the formation of these ribs, which
may be important for describing protrusion in vivo. In addi-
tion, a complete catalog of the proteins involved in MSP
polymerization is still lacking. Therefore, the model pre-
sented here is necessarily incomplete. However, since we
were able to demonstrate that the putative roles of the known
molecular players are consistent with the growth rate
measurements, it is possible that these missing biochemical
components are not present in limiting quantities.
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